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THE INVERSE PROBLEM
FOR SMALL RANDOM PERTURBATIONS
OF DYNAMICAL SYSTEMS

BY
YURI KIFER

ABSTRACT

What can one get to know about the dynamical system from its small random
perturbation? What can one say about solutions of an ordinary differential
equation X, = B(x,) having some information on its singular perturbation
operator L° =¢L +(B,V) with L being an elliptic second order operator?
These problems are studied in the paper.

1. Introduction

Let S’ be a continuous in ¢ group of homeomorphisms (the flow) of a complete
metric locally compact space X with ¢ being a continuous parameter —oo <t <o
or a discreteone t=---,—-2,—-1,0,1,2,---.

Consider a family of time-homogeneous Markov processes x; in X with
continuous trajectories, where ¢ is a positive parameter. Let P*(t, x, V') be the
transition probability of x; and suppose that all x{ satisfy the Feller property (see
[2]), i.e., for any continuous function f on X the function P;f defined by

1.1) Pif(x)= fx P (t, x,dy)f(y)

is also continuous.
The family x7 is called a small random perturbation of the dynamical system S*
if for any continuous f and all ¢t >0,

1.2) sup | Pif(x)—f(S'x)| >0  as & —0.

We distinguish two general problems about small random perturbations of
dynamical systems. The first one is the direct problem, i.e., the study of
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asymptotic behaviour as ¢ — 0 of parameters of the process x; provided some
information about the dynamical system S and the type of perturbations are
known. The second one is the inverse problem, i.e., the study of the dynamical
system S’ when the asymptotic behaviour as £ —0 of some probabilistic
parameters of the processes x; is known.

Most papers on this matter deal with the direct problem (see, for instance, [2]
and [7]). Some papers can be considered as dealing with both kinds of problems
(see [4] and [6]). An example of the inverse problem is given by the Hasminskii’s
lemma (see [3]). It claims that if u " is an invariant measure of the process x| and
for some sequence & —0 there is a weak limit

(13) W) lim " = g

then p is an invariant measure of the dynamical system S'.

In this paper we consider other examples of the inverse problem which have
applications to the elliptic singular perturbation problem in the theory of partial
differential equations.

Let there be given a bounded connected open set G C X with the boundary
dG. Denote by 7 the exit time from G, i.e.,

(1.4) r=inf{t =0:x; & G}.

As usual, denote by P:{A} and E:¢ the probability of the event A and the
expectation of the random value £, respectively, for the process x{ starting at x.

We shall prove that the asymptotic behaviour as t — o and ¢ — 0 of P {r >t}
and E;r determines whether the dynamical system S' has a closed invariant set
in G U 4G or not. Under some conditions the asymptotic behaviour of P;{r >t}
is determined by the asymptotics of the principal eigenvalue of the operator P;
defined by (1.1).

When x; is the diffusion perturbation of the smooth dynamical system S’ then
we shall find the connection between the existence of the invariant set of the
dynamical system S' in' G U 3G and the asymptotic behaviour of the principal
eigenvalue and the solution of the Poisson boundary value problem for the
corresponding elliptic singularly perturbed operator.

2. The general case

A set A(G)C G U 3G is called the maximal invariant (under the action of S*)
set in G U 4G if any set () satisfying the property
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2.1 S'OQ=QCGUIG forall t €(—x,%) isasubset of A(G),

i.e., @ C A(G). Obviously, A(G) is a closed set (maybe empty).
The main result is the following theorem.

THeOREM 2.1. (a) If for some x € G,
(2.2) lim sup lim sup % InP{r>t}> —,
£ 11—+

then the maximal invariant set A(G) is not empty;
(b) If for some x € G,

2.3) limsup E;7 =,
=0
then the set A(G) is not empty.

Proor. Suppose that A(G) is empty. Then there is an open bounded domair
G D G UG such that the corresponding set A(G) is also empty.

Indeed, it is easy to see that if G, C G- then A(G:) C A(G). Take the sequence
{Gn} of open domains such that

(24) G|:) Gz:) G-; and n Gm=GU6G

mz1

If A(G,.)#O for all m =1 then

2.5) A= N AG.)~AD

mz1
since A(G.) is closed and A(G\) D A(G2) D A(G3) D---.
It is clear that A is invariant with respect to $‘ and A C G U3G. Thus
& # A C A(G). This contradicts our assumption and we conclude that for some
mo= 1, '

A(Gn)=O.
It remains to set G = G,,,.
For any x € G U 3G put
(2.6) t(x)=inf{t =0:S'x& G U3G}.

Let us prove that

2.7 Hx)<o for each x € G U 4G.
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Indeed, if 1(xo) = then S'x, € G U 3G for all t 0. Thus for some sequence
t, 1 and a point y € G U 3G one has
Sx0—>y as t, 1 o,
Then also
S*"'xo—> S’y ast, 1o for any t € (— o, ).

One easily obtains from here that S'y € G U 3G for all t € (— %, ®) and so the
set {S'y, t € (—%,0)} C A(G) = @. This contradiction proves (2.7).
From the upper semicontinuity of ¢(x) we conclude that

(2.8) T= sup t(x)<o.

x€EGUIG

Notice that (1.2) implies the following condition:
(2.9) limsup Pi{dist(x;,S’x)>8}=0 forany6>0 and ¢>0.
e—0 x€G

Now by (2.6)-(2.9) one easily obtains that
(2.10) p(e)=sup P{r >T}—>0 as e—0.
x€G
By the Markov property (see [2]),

Pi{'r > mT} = E:X7>TE:.‘,X‘I‘>T e EX-!,—X1>T

=[p(e))",

where y. is the indicator of the event A.
Since Pi{r >t} decreases in ¢t then we get

@.11)

2.12) Q:=lim sup%ln Pz >t}_5_% Inp(e).

Taking into account (2.10) one concludes by (2.12) that for any x € G,
(2.13) Qi—>—x as € >0

that contradicts (2.2). Thus our assumption that A(G)=(J is inconsistent.
To prove the item (b) notice that

(2.14) Eir=T 21 Pr>(m-1)T}.
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Assumption A(G) = gives, in view of (2.10), (2.11) and (2.14) for £ small
enough and x € G, that

(2.15) Eir=T Y [p(e)]" ' <.
m=1
This contradiction with (2.3) completes the proof of Theorem 2.1.

3. Diffusion perturbation and application to the elliptic singular perturbation
problem

Let X be the Euclidean space R" and x; be a diffusion process in R"
generated by the elliptic differential operator of the second order

- _(3 ... 8
3.1) L*=¢L +(B,V), V_(ax,’ ,axﬂ),

with smooth coefficients, where L is a nondegenerate elliptic operator and

(32) i(gtll = B(S'%).

Assume that the bounded domain G has smooth boundary 3G. Under these
circumstances, by lemma 3.1 of [5] one obtains that for any x € G there is a limit

(3.3) A" =lim 1 In Pifr > 1),

where 7 is defined by (1.4) and A° turns out to be the principal eigenvalue of the
Dirichlet problem for the operator L° in the domain G.

Under assumptions of this paragraph we can improve the first part of Theorem
2.1 in the following way.

THEOREM 3.1. The dynamical system S* has no invariant set in G U 3G, i.e.,
ANG) =, if and only if

(3.4) lim A® = —c.

Proor. If A(G) = then by Theorem 2.1 we get limsup,_,A® = — and so
lim, o A® = —o, This follows also from the paper [8].

Suppose now that (3.4) is true and prove that A(G) =J. To do this we assume
that A(G) #J and prove that

3.5) limsup A* > —oo,
e—0
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We shall see that, in fact, also
3.6) liminf A° > — oo,
e—0

if we assume A(G)#D.

Set G, ={x € G : dist(x, 3G)>p}, U,(z) ={y :|z — y| < p}, and denote by O
the origin.

Let x EA(G), ie., S'x € G U 3G for all . It is easy to see that one can find
positive numbers &, 8, 72 <r, <1 and some points Q. € U(0), m =0,1,2,-- -,
such that the balls V& = U, (Q.) and V3 = U,(Q.,) satisfy forallm =0,1,2, - - -
the following properties:

(i) UAO)D VY DI (VRUIVIU(VRLUAIVEL);

(i) eV +S™"x C G for all 1 €[0, 8] and all ¢ €0, &);

(iii) V@ +S™x C G. N U, (S™x) for all £ €[0, ).

The main step in the proof of Theorem 3.1 is the following result.

LemMA 3.1.  There is ¢ >0 such that for all m =0,1,2,- -+ one has

(3.7) inf  Pxs€ eV +S" x and 7 > 8}z q,

zE€eV D480

provided 0 < ¢ =< &, where, recall, 7 is the exit time from G for the process x .

Proor. Let A(z) be the matrix of coefficients of the operator L in second
order derivatives and b(z) be the vector of coefficients in first order derivatives,
le.,

L =3A@)V,V)+(b(2),V).

The process x; satisfies the following stochastic differential equation:
(3.8) dx; =ea(x})dw, +(e’b(x})+ B(x)))dt,

where o(z)o*(z)= A(z) and w, = (w,, -, w;) is the Wiener process.
Foranym =0,1,2,-- - set ya(t)=x; — $™"x. Let z},(¢) be the solution of the
stochastic differential equation

(3.9 dz(t)=ea(zn(t)+ S™"'x)dw, + £’b(z5(t)+ S™ " 'x)dt.

The processes y (1) and z,(t) differ just in drift, hence by Girsanov’s formula
(see, chapter 7 of [2]) and the properties of the domains V', and V%, one gets
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Px;€ eV, + 8™ and 7 > §}
Z PAx;€ VR + ST x and x{ € eV +S™"'x for all t €0, 8]}
(3.10) o{y m(8)E eV, and ym()E eV forallt € [0, 5]}

d!f .
= ELo0X 00)eev®,, X 25 eVWiorall €[0,5] dit. s (zm)
Zm

d,

=E° Glya (et
= Ezm/e.o)(vf,,(s)e v@. Xoie v toralir €[0,6) dl* . (sv m)’
zm

where z,, =z —§™x, v5.(t) = /e, P5o and E, denote the probability and the
expectation of nonhomogeneous processes starting in zero time at y, and

% oy lJ'B n - ‘_——I—J’G n 2 }
(3.11) o (ev5) exp{g ) ;h.(t,w)dw, 5, ;h,(r,w)dt ,
where h(t, w) = (hi(t, w), - -, h. (1, »)) defined by the formula

h(t, )= o (e05(t) + S™ X )(B(ev5(t) + S™'x) — B(S™*'x)).

Let 6, be the exit time for the process v (t) from V¢); then (see [2])
& n . 2 min(5,6, ) n ) 2
Eixem>a< Ehi(t,w)dwl> gEz(f Sh (t,w)dw})
0 i=1 0 i=1

min(&,om) n
=E;: f X hit, 0)dt.
0 i=1

Therefore by (3.11) and Chebyshev’s inequality we easily get that for any
v € V¥ and each a >0,

v(){ ()€ V) for all t €]0, 8] and%—“(sv w<e "}

(3.12)

Pu<,{o >8and( f}‘,h(m)d:——f Zh(zw)dw)>a}

M

a

A

where M depends just on the upper bounds of the norm ||¢~'(z)|| and the
derivatives of the vector function B(z), but not on £ and a.

On the other hand, by the definition of v:.(tf) and the properties of the
domains V¢ and V) one can easily see from the uniform estimates from below
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of the fundamental solution of the parabolic equation in a bounded domain
given in theorem 8 of [1] that if v € V) then

(3.13)  Pio{vi(8)E VL, and vi(t)E VW forallt €[0,8)} = p >0,

for some constant p >0 independent of m,¢ and v € V. Taking z €V +
$™x in (3.10) we obtain that z,./¢ € V% in (3.10). Therefore setting a =2M/p
one gets (3.7) by (3.10), (3.12) and (3.13) with q = ip exp(— V2M/p).

Now we can complete the proof of Theorem 3.1. By the Markov property for
z €EeVP+ x one has

Pi{r > k8}
= E;XT>BE:§X7>5 e E;5X1->s

£ F [
(3-14) = E2X7>5Xx;e eV + 8% ExiX">5Xx,§€e‘V(22)+SZ'Sx Tt EXEX,>5Xx;eeVE’+s""x

k
= [ inf inf PHxi€eVP,+S""x and r > 8}]

m=0,1,--- z eEV(,f,)+S"'5x
= q"

Hence, by (3.3) for all ¢ = &,
(3.15) Af é% Ing

that contradicts (3.4) and proves Theorem 3.1.
Notice that the function u*(x) = E; 7 is the solution of the problem (see [2])

(3.16) Lu = -1, ulag=0.
The second part of Theorem 2.1 can be amplified as follows.
THEOREM 3.2. (a) If for some x € G,

limsup u*(x) = =,
e—0

then the dynamical system S' has a nonempty invariant set A(G)C G U dG;
(b) If for any x € G,

3.17) lirsn_’ionf u(x)<oo,

.then the open domain G contains no invariant with respect to S' closed subset ;
(¢) The item (b) cannot be improved, i.e., the case when for any x € G
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(3.18) limsup u*(x) <o
e—0

and A(G)# D is possible.

ProoF. The item (a) follows immediately from the item (b) of Theorem 2.1.

Suppose now that G contains an invariant closed subset A. Then there is
positive 8 = inf,ea dist(x, dG) and (2.9) is also true. Therefore one can easily get
from [7] that for any x €A and N >0

(3.19) Pt <N}-0 as ¢ —>0.
But
(3.20) T= 2_‘, m—1)PA(m —1)=1<m}=NP{r = N}.

Thus by (3.19),
liminf E;7=N
e—0
for any N and so
liminf E;7 =
e—0

that contradicts (3.17) and proves the item (b) of Theorem 3.2.
Now let us describe the example which satisfies (3.18) and A(G)#J. Let
n=2,

e _l 2 az 82) a 3
(3.21) L*=3e (ax%+ax2 295 T M o,

and G ={(x1, x2): (x: — 1)+ x3<1}.
In this case A(G) is the one point (0,0) and for any x = (x4, X2),

.. _ fcost —sint\[x
3.22) §x= (sint cos t) <X2) )
Therefore for each x € G there is {(x) € [7/2,27] such that Sx& G U 3G.

Let p*(t, x, y) be the transition density of the process x; generated by L* in the
whole plane R’ Then

1 1
(3.23) p (txy)= > 2exp{ ==y - Sx|2}
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If y € U.(S"®x), then by (3.23)

(3.24) pr(tx,y)=Qn Vee) ™.

The area of U. (S$®x) N (R?\ G)is greater than 7e>/2 and by (3.24) one gets
Pir =2w}= Pir = t(x)}

= Pi{x?m & G}

(3.25) = Pi{xi € U.(S"x)N(R*\G)}

=@4Ve).

Thus Pi{r >27}=1—(4Ve)™ and using the Markov property in the same
way as in (2.11) we obtain

(3.26) Pi{r >2mm}=(1-(@4Ve) ).

Finally,

Eir=2m D Pr>2n(m—1)}=8rVe<w
m=1
that gives (3.18) in spite of A(G)={(0,0)} # <.

REFERENCES

1. D. G. Aronson, Non-negative solutions of linear parabolic equations, Ann. Scuola Norm. Sup.
Pisa (3) 22 (1968), 607-697.

2. A. Friedman, Stochastic Differential Equations and Applications, Vols. 1, 2, Academic Press,
New York, 1975.

3. R. Z. Hasminskii, The averaging principle for parabolic and elliptic differential equations and
Markov processes with small diffusion, Theor. Probability Appl. 8 (1963), 1-21.

4. Yu. 1. Kifer, On small random perturbations of some smooth dynamical systems, Math.
USSR-Izv. 8 (1974), 1083-1107.

5. Yu. Kifer, On the principal eigenvalue in a singular perturbation problem with hyperbolic limit
points and circles, J. Differential Equations 37 (1980), 108-139.

6. Yu. 1. Kifer, Stochastic stability of the topological pressure, J. Analyse Math. 38 (1980),
255-286.

7. A. D. Ventcel and M. 1. Freidlin, On small random perturbations of dynamical systems,
Russian Math. Surveys 25 (1970), 1-56.

8. A. D. Ventcel, On the asymptotic behavior of the first eigenvalue of a second-order differential
operator with small parameter in higher derivatives, Theor. Probability Appl. 20 (1975), 599-602.

IINSTITUTE OF MATHEMATICS
THE HEBREW UNIVERSITY OF JERUSALEM
JERUSALEM, ISRAEL



